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Abstract 

A generalization of Arnold's strange duality to invertible polynomi- 
als in three variables by the first author and A. Takahashi includes the 
following relation. For some invertible polynomials / the Saito dual 
of the reduced monodromy zeta function of / coincides with a formal 
"root" of the reduced monodromy zeta function of its Berglund-Hiibsch 
transpose f T . Here we give a geometric interpretation of "roots" of 
the monodromy zeta function and generalize the above relation to all 
non-degenerate invertible polynomials in three variables and to some 
polynomials in an arbitrary number of variables in a form including 
"roots" of the monodromy zeta functions both of / and f T . 



Introduction 

V. Arnold observed a strange duality between the 14 exceptional unimodular 
singularities [T]. One of the features of this duality is that dual singularities 
have Saito dual characteristic polynomials of the classical monodromy trans- 
formations For a fixed positive integer d and for a rational function (p(t) 
of the form Y\ (1 — t m ) Sm , the Saito dual of ip with respect to d is 

m\d 

tp*(t) = Y[(i-t d/m )- sm . 

m\d 

(For quasihomogeneous singularities, in particular for the quasihomogeneous 
representatives of the 14 exceptional unimodular singularities, d is the (quasi) de- 
gree of the function.) 
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A system of weights w = (wi, . . . , w n ; d) for a quasihomogeneous polyno- 
mial / defines a natural grading on the ring C[xi, . . . , x n ]/(f) with the Poincare 
series 

l-t d 

na-^) 

Here, in general, we do dot assume that the system of weights is reduced, i.e., 
we permit the greatest common divisor of the weights w±, . . . , w n to be greater 
than 1. The system of weights w defines a C*-action on C n : 

A * (xi, ...,£„) = (\ Wl x u ...,\ w "x n ). 

This action may have orbits of different types (i.e., with different isotropy 
subgroups) on the zero-level set Xf of the polynomial /. The orbit invariants 
give rise to a rational function Or^(t): see, e.g., [3]. 

Let (f{t) = C/W/(l — t) be the reduced zeta function of the classical 
monodromy transformation hf : Vf — > Vf of / (Vf is the Milnor fibre of /). 
For n = 3 and for an isolated singularity /, the reduced zeta function C/W 
coincides with the characteristic polynomial of the monodromy transformation. 
In [2] it was shown that, for the reduced system of weights w of /, one has 

PjMOrJt) = Cf(t), (!) 

where C/(*) is the Saito dual (with respect to the degree d) of the reduced zeta 
function C/W- 

Arnold's strange duality can be considered as a special case of mirror sym- 
metry. In [1] it was shown that Arnold's strange duality can be generalized 
to a duality between so called invertible polynomials (see Section [1]). For an 
invertible polynomial / the dual polynomial is the Berglund-Hubsch transpose 
f T of / (Section [TJ. The relation between the characteristic polynomials of the 
monodromy transformations of the dual exceptional unimodular singularities 
generalizes in the following way. 

For a rational function cp(t) of the form rj(l — t m ) Sm , its kth "power" cp^(t) 

m 

is defined by 

^ k \t) = J^[(l — tgcd(^,fc))g cd ( m . fc ) s «\ 

m 

If (p{t) is the zeta function of a transformation h : Z — >■ Z, then ip( k \t) is the 
zeta function of the kth power h k of the transformation h. 

For a rational function (p[t) = FJ(1 — t m ) Sm , its (formal) kth "root" (or 

m 

"root" of degree k) is a rational function ip{t) = (p^-^ k \t) of the same form such 
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that ip^it) = (p(t). A kth "root" of a rational function does not always exist 
and, in general, is not well defined. Note that the function (p(t) = rj(l — t m ) Sm 

m 

has a "root" of degree k if and only if each factor (1 — t m ) Sm has a "root" of 
this degree. 

An invertible polynomial has a canonical system of weights which may be 
non-reduced (Section [1]). In [4J it was shown that, if n — 3 and / is a non- 
degenerate invertible polynomial with the canonical system of weights being 
reduced, then 

PS)OTjt)=tf' cT \t), (2) 

where c T is the greatest common divisor of the canonical weights of f T . To- 
gether with (P) this implies that in this case 

Q{t) = c^ cT \t). (3) 

We shall show that the equation ([3]) has a generalization of the form 

cf^(t) = (c^ T Ht)f- ir " ( 4) 

for a number of cases when the canonical systems of weights both of / and f T 
may be non-reduced and also when n is arbitrary. Moreover, we show that in 
these cases the "roots" of the zeta functions are zeta functions of roots of the 
monodromy transformations defined by a geometric construction. 



1 Invertible polynomials 

A quasihomogeneous polynomial / in n variables is said to be invertible (see, 
e.g., [5]) if it is of the form 

n n 

f(xi,...,x n ) = \\xf j (5) 

i=l 3 = 1 

for some coefficients a« G C* and for a matrix E = (Ey) with positive in- 
teger entries and with det E ^ 0. For simplicity we assume that a, = 1 for 
i = 1, . . . ,n. (This can be achieved by a rescaling of the variables Xj.) An 
invertible quasihomogeneous polynomial / is non-degenerate if it has (at most) 
an isolated critical point at the origin in C n . 

According to [B] , an invertible polynomial / is non degenerate if and only if 
it is a (Thom-Sebastiani) sum of invertible polynomials (in groups of different 
variables) of the following types: 
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1) x\ 1 x 2 + xf x z + . . . + x v ™_lx m + x v ™ (chain type; m > 1); 

2) xf x 2 + x 3 + . . . + x^Ti'xm + x^xi (loop type; m > 2). 

An invertible polynomial (j^J) has a canonical system of weights w = 
(wx, . . . ,w n ;d), where Wi is the determinant of the matrix E with the ith col- 
umn substituted by (1, ... , 1) T and d = det E. One has f{\ Wl xi, . . . , X Wn x n ) = 
^ d f{ x i, ■ ■ ■ , x n)- The canonical system of weights may be non-reduced, i.e., one 
may have c = gcd(ii>i, . . . , w n ) ^ 1. 

Example. Let f(xi,x 2 , x 3 ) = x\x 2 + x^x 3 + x\. One has w = (16, 12, 12; 60), 
c = 4. 

The Berglund-Hiibsch transpose f T of the invertible polynomial © is de- 
fined by 

n n 

f T (x 1 , . . . , X n ) = ^ a i II X f' ■ 

i=l j=l 

If the invertible polynomial / is non-degenerate, then f T is non-degenerate as 
well. 

If the canonical system of weights of / is reduced, the canonical system of 
weights of f T can be non- reduced. The canonical (quasi) degrees of / and f T 
coincide. 

Example. Let f(xi, x 2 , x^) = x\x 2 + x\ + x\. Then f 1 \xi,x 2 ,x 3 ) = x\ + 
x x x\ + x\. One has w f = (3, 15, 10; 30), c = 1, w fT = (6, 12, 10; 30), c T = 2. 

2 Geometric roots of the monodromy 

Let / be a quasihomogeneous polynomial in n variables with weights W\, . . . , w n 
and degree d. (We do not suppose, in general, the system of weights to be 
reduced.) The monodromy transformation hf of / can be constructed in the 
following way. Let T t : C™ — > C" be defined by 

T t (xi, . . . , x n ) = (exp (2mwit/d) x±, . . . , exp (2mw n t/d) x n ) . 

The map Tt sends the Milnor fibre Vy = / _1 (1) to the Milnor fibre V exp ( 2n it) = 
f- 1 (exp(2nit)). Then h f = T 1 :V 1 -> V x . 

Suppose that there exists an action of the cyclic group on C n such that 
the generator of acts by 

S(xi, . . . , x n ) = (a mi x u . . . , a mn x n ), 

where a = exp (2iri/k), and 

. . . , x n )) = o-/(xi, ...,x n ). 
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Let hf — E 1 oT 1 /jt. The map hf sends the Milnor fibre V% to itself. Since T t 
and £ commute, one has hf = E~ fc oTi = hf. We shall call hf a geometric 
root of degree k of the monodromy transformation hf. 

One can see that the map hf is the monodromy transformation of the germ 
f k on the quotient C n /Z k . 

For an invertible polynomial §J5§ the required action of the group Z k exists 
if and only if the system of equations 



E 



( m l \ 




fl\ 


\m n J 







mod k 



(6) 



has a solution (in Z£). If k is prime this means that 





/ 


1 \ 


rk Ek = rk 








\ 





where is the matrix obtained from i£ by reduction modulo k. If in addition 
rk^ < n, a solution of © is not unique. 



3 Duality of zeta functions 

Theorem 1 Let f be a non-degenerate invertible polynomial in n variables of 
chain or loop type and let c be the greatest common divisor of the canonical 
weights of f . Then there exist geometric roots of degree c of the monodromy 
transformation hf, all of them have the same (reduced) zeta function Q (£), 
and 

=(?/'->•«) , (7) 

where f T is the Berglund-Hiibsch transpose of f , c T is the greatest common 
divisor of the corresponding weights, and * means the Saito dual with respect 
to the common canonical degree d = d T of f and f T . 

Proof . Let 

f{%\, . . . , X n ) = %2 4" X2 X3 + . . . + •^n—l ~^ *^n" 

be a polynomial of chain type. Let 

(q l} . . . , q k ) := q t ■ ■ ■ q k - q 2 ■ ■ ■ q k + . . . + (-l) fc ~ V + (-l) fc . 



5 



The canonical weights of / are: 



(P2, • • -,Pn),Pl(P3, ■ ■ -,Pn), ■ ■ ■ ,Pl ' " ' Pn-2 (Pn) , Pi ' ' -JV-ll 

the degree is equal to p± ■ ■ -p n . The equation (jSj) on the exponents defining 
the required Z c -action has the following solutions (their number being equal 
to c): mi = m, = 1 — mpi, 

rrij = (-l) J (p 2 , . . .,Pj-i) + {-l) 3 ~ l mpi ■ ■ -p^x for j > 2, 

where m is an arbitrary integer mod c. The monodromy zeta function (f(t) 
of / can be computed, e.g., with the use of the Varchenko formula [9] and is 
equal to 

n 

c f (t) = Yi(i-^'" pn ^) { ~ 1)n ~ 3ci , 

Where Cj = gcd((p j+1 , . . . ,Pn),Pj{Pj+2, ■ ■ ■ ,Pn), ■ ■ ■ ,Pj • • -Pn-2(Pn),Pj • ■ -Pn-i)- 

We shall prove that a "root" of degree c of (/(*) is equal to 

n 

Y[(l-t p i- pn ) ( - 1)n ~ j . (8) 

i=i 

It looks rather envolved to check the number theoretical conditions on the 
exponents pj and the greatest common divisors Cj and c which give this fact. 
Moreover the formal "root" of C/CO ma J n °t be unique. Instead of that we 
shall show that the zeta function of the corresponding geometric root hf = 
o Ti/ C is equal to dHJ). This follows from the fact that, on the coordinate 
torus {(xi, . . . , x n ) : X{ = for z < j, Xj 7^ for i > j} corresponding to the 
variables Xj, . . . , x n , the order of the map o Y\/ c is equal to pj ■ ■ - p n (at 
each point), j = 1, . . . ,n. 
One has 



S o ri /c (xi, . . . , x n ) = (exp(2nib 1 )x 1 , . . . , exp(27ri6 n )a; n ), 



where 



, ._ (~1) J+1 (P2, • • • ,Pn) + (-l) J mp 1 ■■■pn . _ 

Oj . 1 3 1, . . . , 71. 

The numerator is obviously divisible by c (because u>i = (j?2, ■ ■ ■ ,Pn) an d 
d = pi ■ ■ ■ p n are divisible by c) . One has to show that the numerator divided 
by c has no common factor with Pj ■ ■ - p n - One can see that a common factor of 
Ps ( s — ji ■ ■ ■ j n ) an d the numerator is a common factor of p s and {p s +i, • • • , Pn) • 
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Therefore it is a common factor of all the weights Wi, . . . , w n and thus divides 
c. Therefore, the numerator divided by c has no common factor with p s . 

The polynomial f T is also given by the formula jS} with pi, . . . ,p n substi- 
tuted by p n , ■ ■ ■ ,pi respectively. One has 

(1 - t)- 1 f[(l - ^i-P»)(-i) tt - j (1 - t d )^ n ~\ 

n 

(1 - t)- 1 - t Pi-Pi-i)(-l) 3 (1 _ ^(-D- 1 

i=2 

and therefore 

Cj 1 /^) = (i _ **) - _ t )(-D- = (c} 1/cT) (t)) 

i=2 

Let 

f(%l, • • • , a^n) = 3^1 3^2 "I" ^2 ^3 "I" • • • "I" ^m— 1 -^rra "I" a^^l 

be a polynomial of loop type. The canonical weights of / are 

(P2, • • • ,Pn), (P3, • • -,Pn,Pl), (j>n,Pl, ■ ■ ■ ,Pn-2), (pi, ■ ■ ■ ,Pn~l) 

and the degree is equal to d = p\ • • -p n + (— l) n_1 . The solutions of <^ are 
given by the same formulae as above. 

At first glance this looks somewhat strange: the systems of equations are 
different. However, one should keep in mind that they are solved modulo 
different greatest common divisors of the weights. Moreover, for the same 
exponents Pi, ■ ■ ■ ,p n , the greatest common divisors of the weights for the chain 
and for the loop types are relatively prime. 

The zeta function is 

It is obvious that a formal "root" of degree c of (f{t) is equal to (1 — t d )^^ n . 
Let us show that the zeta function of the geometric root h = S -1 o Ty c of 
degree c of the monodromy transformation of / is also equal to (1 — t d ). For 
that one has to show that the order of the map h on the (maximal) torus 
{(xi, . . . , x n ) : Xi ^ 0, i — 1, . . . , n} is equal to d at each point. One has 

o r 1/c (a;i, . . . , x n ) = (exp (2-Kib 1 )x 1 , . . . , exp (2nib n )x n ) , 

where bj = — e J" jC - . The greatest common divisor of all Wj—rrijd and d is just c 
and therefore all ratios Wj ~ mjtj (j = 1, . . . , n) together have no common factor 



lf ,C \t) = 
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with d. One has C,f /c \t) = C}t /c \t) = (1 - t d )^ n 1 /{I - t). This impli 

©. ' □ 

Example. Let /(xi, X2, X3) = x\x 2 + x\xj, + xf, / T (xi, X2, X3) = xf + £1X2 + 
£2X3. One has c = 4, c T = 10, d = d T = 16, 

(1 - t 2 °/ 4 ) 4 (l - i) ' ^ /TU (1 -i 12 / 2 ) 2 (l -t) ' 

The reduced zeta functions of the geometric roots of the monodromy transfor- 
mations of / and f T are 

7(1/4) (f) _ (l-t 5 )(l-t 6 °) ~ (1/10) _ (l-t 3 )(l-n 
^ 1 ' ~ (1 - t 2 0)(l - t) ' ^ 1 J ~ (1 - t!2)(l _ t ) • 

They obviously are Saito dual. Note that a "root" of degree 4 of Cfif) is n °t 
well defined, e.g. 

1 - 1 60 



(l-*B)3(l-i) 

is another "root" . 

Let f(xx, X2, X3) = xf + xl + x^. In this case f T = f and / has a singularity 
of type at the origin. The reduced monodromy zeta function of / is equal 
to (1 — t p )/(l — t) and coincides with the reduced monodromy zeta function 
of the polynomial x p in one variable. It is Saito self dual with respect to the 
degree p of the polynomial x p , but not with respect to the canonical degree 
of / equal to 4p. There exist geometric roots of the corresponding degrees for 
the polynomial x p , but not for /. 

Theorem 2 Let f be a non- degenerate invertible polynomial in 3 variables 
such that both f and f T have critical points at the origin and f is not of the 
form x\ + x\ + X3 (up to permutation of the variables). Then the following 
statements hold: 

1) If both reduced monodromy zeta functions (f(t) and C/ T (^) have "roots" 
(of degrees c and c T respectively), then they have "roots" Q 1 (t) and 
Cfr C \t) such that 

( { ; T /cT \t)=cf /c) *(t), (9) 

where * means Saito dual with respect to the common canonical degree 
d = d T . 

2) In all these cases except /(xi,x 2 ,x 3 ) = x P1 x 2 + xl?X\ + X3 3 with p 3 = 
P1P2 — 1 one? gcd (pi — 1,P2 — 1) = 1, the monodromy transformations of 
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both f and f T have geometric roots, all geometric roots of each of them 
have the same reduced monodromy zeta functions and these functions are 
Saito dual to each other (with respect to d = d T ). 

3) If Cf{t) has a "root" of degree c, then either C/ T (^) a ^ so has a "root" of 
degree c T , or f(xi,X2,xs) = x\xi + x\ + x\ with p odd (and then Cf T (t) 
has no "root" of degree c T ). 

Proof . This is already proved for polynomials of chain and loop types (The- 
orem [1]). (In these cases geometric roots of the monodromy transformations 
always exist.) We have to prove this for the other types. 

In what follows we consider all polynomials up to permutation of the vari- 
ables. Let s m be the power of the binomial (1 — t m ) in the decomposition of 

Cf(t): 

C/(*) = II( 1 -* m ) am - 

m>l 

a) Let f(xx,X2,Xs) = x P i + xf 2 + x^ (Brieskorn-Pham type). One has 
f T = f ■ We assume that p\ < P2 < P3. Note that p\ > 2. The canonical 
weight system of / is (P2P3, P1P3, P1P2] P1P2P3) ■ The reduced monodromy zeta 
function of / is 

n(i -t pi )(! -t pip2p3/c ) c 

C/W = n(i-* PiP ' /cy ) cy (i-*) ' (10) 

i<j 

where = gcd {puPj). 

If the exponents pi, P2, P3, are pairwise coprime, i.e. c = c^- = 1, then 
the reduced zeta-function (fTOl) is Saito self-dual with respect to d — p\P2P3- 
The monodromy transformation of / has geometric roots if and only if the 
exponents p±, P2, P3 are pairwise coprime. 

If p\ < P2, then s pi = 1 and in order to have a "root" of (f(t) of degree 
c one needs gcd(pi,c) = 1. In this case gcd(pi,p2P3) = cvi = C13 = 1, 
c = C23 = gcd (p2,£>3)- If in addition p 2 < P3, then s P2 = 1 and in order to have 
a "root" of C/ W one needs gcd (p2, c) = 1. This implies that c = 1. 

If Pi < P2 = P3 and gcd (pi, c) = 1, then c 23 = c = p 2 and s P2 = 2 — c. If 
c ^ 2, then C/W h as no "root" of degree c = p 2 - He— 2, then pi = 1 and / 
has no critical point at the origin. 

If p\ = P2 < P3, then s Pl = 2 — p\ and p\\c. If pi 7^ 2, then C/(^) h as no 
"root" of degree c. If p\ = 2, then / is of the form x\ + x\ + x| excluded from 
consideration. 

Finally if pi = p 2 = P3, then c = p^, s pi = p\ — 3pi + 3, c > s Pl > 0, and 
Cf(t) has no "root" of degree c. 
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b) Let f(xi, x 2 , x 3 ) = x^x 2 + x v 2 X\ + x 3 3 . One has f T = f. The canonical 
weight system of / is (p 3 (p 2 — 1 ) , P3 (pi ~ 1 ) > — 1 ; P3 {.P1P2 — 1 ) ) • The reduced 
monodromy zeta function of / is 

^ f( ) (1 _t(pi»-l)/ci)ci(l _£) ' ^ 

where ci = gcd (p 2 — — 1)- 

If gcd(p 3 ,c) = 1, then c = gcd (p 2 — l,Pi — 1) = c x and geometric roots 
of the monodromy transformation of / of degree c exist. (They exist for 
x p 1 1 x 2 + £ 2 2 :ci due to Theorem [TJ because c = ci, and for X3 3 since gcd (p 3 , c) = 
1.) The geometric roots have one and the same reduced zeta function 

r(1/c) (i-tP3)( 1 _ tP3 ( P i P2 -D) 



V ^ (1 _ t PlP2-l)(l - t ) 



which is Saito self dual with respect to d = p 3 (pip 2 — 1). 

Suppose that gcd (p 3 , c) 7^ 1. In this case geometric roots of the monodromy 
transformation of / do not exist. 

If p 3 7^ {P1P2 — l)/ci, then s P3 = 1 mod c and Cf(t) nas 110 "root" of degree 

c. 

If p 3 = (pip 2 — l)/ci, then p 3 |c and s Pa = 1 — ci mod c. If ci 7^ 1, then 
(since p 3 |c) in order to have a "root" of degree c of (1 — t m ) Sp 3 it is necessary 
that p 3 |(ci — 1), however p 3 > pi — 1 and p 3 > p 2 — 1 and therefore p 3 > c\. 
Thus (f(t) has no "root" of degree c. If c\ = 1 (i.e. p 3 = p\p 2 — 1) then 

C/(0 = !_ t > 



a "root" of (/(*) °f degree c = p 3 exists, moreover it is unique, namely equal 
to C/ (0 = T~r> an d thus i s Saito self dual. 

c) Let f(x\,x 2 ,x 3 ) = x pi x 2 +x 2 2 + x 3 3 . The transpose f T is obtained from 
/ by interchanging the exponents p\ and p 2 . The canonical weight system of 
/ is (p 3 (p 2 — I) , p 3 pi, pip 2 ; pip 2 p 3 ) . The reduced monodromy zeta function of 
/is 

= (i-t«)(l-t^)(l-t^P3/ c ) c 

where ci = gcd (p 2 — l,pi), c 2 = gcd (p 2 ,p 3 ). Geometric roots of the mon- 
odromy transformation of / exist if and only if gcd(p 3 ,c) = 1. (In this case 
c = Ci, geometric roots for x pi x 2 + x v 2 exist due to Theorem [T] because c—Ci, 
and for x ps since gcd (p 3 , c) = 1.) In this case c 2 = 1 and the reduced zeta 
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function of any geometric root of the monodromy transformation of / is equal 
to 

~ (1/c) = (l-^)(l-^ )( l_ tPlP2 P3) 

V U (1 _ £PiP2)(l - *PaPs)(l - t) 
In this case one also has gcd (p 3 , c T ) = 1 and 

V ' (l-«PiW)(l-tPifs)(l-t) ^ 



Suppose that gcd (p 3 , c) 7^ 1. If s P3 = 1, then a "root" of degree c of C/(t) 
does not exist. Otherwise p 3 has to coincide with p 2 , or with pxp 2 /ci, or with 
P2Pz/c2- In all these cases p2\Ps, (and therefore P3 = P2P3/C2), and p 2 |c. 

If p 2 7^ P3, then s P2 is equal either to 1 (and therefore no "root" of £f(0 
exists), or to (1 — C\) (if p\Pijc\ = P2). In the latter case, for the existence of 
a "root", it is necessary that P2\{c\ — 1). However, c\ < P2 and this can only 
happen if c\ = 1. This implies that p\ — 1. In this case / T has no critical 
point at the origin. 

If p 2 = P3, then c 2 = p 2 , V"i\ c i an d S P2 m od c is equal either to (2 — p 2 ), 
or to (2 — ci — P2) (if = P1P2/C1, i.e. pi = ci). In the first case a "root" 
of Cf{t) can only exist if p 2 — 2. Then c\ — 1, c = 2, s 2pi = —1 and no 
"root" of C/(0 °f degree 2 exists. In the second case either c\ = p 2 — 1 = Pi, 
s P2 = 3 and therefore a "root" exists if and only if p 2 = p 3 = 3, p\ = 2 (in 
this case the polynomial / has a singularity of type E 6 ), or ci < (p 2 — l)/2, 
— 3p 2 /2 < s P2 < — p 2 + 1 and a "root" of C/(^) can exist only if s P2 = — p 2 , i.e. 
c i = Pi = 2 and p 2 is odd. 

If pi = 2 and p 2 = p 3 = p is odd, 

OM - ^ 

and a "root" of degree c = 2p exists. In this case 

~ (l-t 2 )(l-^)(l-t 2 T- 2 

CM*) = ^ 

and a "root" of degree c T = p does not exist. □ 

Remarks. 1. For the invertible polynomials in the last table of [3], no roots 
of the monodromy zeta function exist. 

2. One can show that for a non-degenerate invertible polynomial in two vari- 
ables a "root" of the monodromy zeta function exists if and only if a geometric 
root of the monodromy transformation exists. In this geometric root 

of the monodromy transformation of f T also exists and 

c^ T »(i)=(cr*w N "' 
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